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The quark-line disconnected diagram is a potentially important ingredient in lattice QCD cal-
culations of the hadronic vacuum polarization contribution to the anomalous magnetic moment of
the muon. It is also a notoriously difficult one to evaluate. Here, for the first time, we give an
estimate of this contribution based on lattice QCD results that have a statistically significant signal,
albeit at one value of the lattice spacing and an unphysically heavy value of the u/d quark mass.
We use HPQCD’s method of determining the anomalous magnetic moment by reconstructing the
Adler function from time-moments of the current-current correlator at zero spatial momentum. Our
results lead to a total (including u, d and s quarks) quark-line disconnected contribution to aµ of
−0.15% of the u/d hadronic vacuum polarization contribution with an uncertainty which is 1% of
that contribution.
I. INTRODUCTION
The high accuracy with which the magnetic moment
of the muon can be determined in experiment makes
µ
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FIG. 1: The hadronic vacuum polarization contribution to
the muon anomalous magnetic moment is represented as a
shaded blob inserted into the photon propagator (represented
by a wavy line) that corrects the point-like photon-muon cou-
pling at the top of each diagram. The top diagram is the
connected contribution and the lower diagram the quark-line
disconnected (but connected by gluons denoted by curly lines)
contribution that is discussed here. The shaded box in the
lower diagram indicates strong interaction effects that could
occur between the two quark loops.
∗christine.davies@glasgow.ac.uk
it a very useful quantity in the search for new physics
beyond the Standard Model. Its anomaly, defined as
the fractional difference of its gyromagnetic ratio from
the naive value of 2 (aµ = (g − 2)/2) is known to 0.5
ppm [1]. The anomaly arises from muon interactions
with a cloud of virtual particles and can therefore probe
the existence of particles that have not been seen di-
rectly. The theoretical calculation of aµ in the Standard
Model shows a discrepancy with the experimental result
of about 25(8) × 10−10 [2–4] which could be an exciting
indication of new physics. Improvements by a factor of
4 in the experimental uncertainty are expected and im-
provements in the theoretical determination would make
the discrepancy (if it remains) really compelling [5].
The current theoretical uncertainty is dominated by
that from the lowest order (α2QED) hadronic vacuum
polarization (HVP) contribution, in which the virtual
particles are strongly interacting, depicted in Fig. 1.
This contribution, which we denote aµ,HVP, is currently
determined most accurately from experimental results
on e+e− → hadrons or from τ decay to be of order
700×10−10 with a 1% uncertainty or better [3, 4, 6]. This
method for determining aµ,HVP does not distinguish the
two diagrams of Fig. 1 because it uses experimental cross-
section information, effectively including all possibilities
for final states that would be seen if the two diagrams
were cut in half.
aµ,HVP can also be determined from lattice QCD calcu-
lations using a determination of the vacuum polarization
function at Euclidean-q2 values [7]. It is important that
this is done to at least a comparable level of uncertainty
to that obtained from the experimental results to pro-
vide a first-principles constraint of the values above. It
is hoped that such calculations will, in time, allow the
theoretical uncertainty to be reduced further.
Huge progress has been made in lattice QCD calcula-
tions in the last few years so that accuracies of a few per-
cent in aµ,HVP are now achievable [8]. Indeed, a 1% de-
termination of the s-quark contribution has been demon-
ar
X
iv
:1
51
2.
03
27
0v
1 
 [h
ep
-la
t] 
 10
 D
ec
 20
15
2strated [9]. These calculations currently include only the
quark-line connected contribution to the HVP, from the
top diagram of Fig. 1. The quark-line disconnected con-
tribution, from the lower diagram of Fig. 1, vanishes in
the SU(3) limit but could still contribute several percent
to aµ,HVP at physical u, d, and s quark masses. It cannot
therefore be left undetermined if 1% accuracy in aµ,HVP
is to be achieved from lattice QCD calculations.
Quark-line disconnected diagrams are notoriously dif-
ficult to evaluate in lattice QCD because of poor signal-
to-noise properties. Calculations of the disconnected
contribution to aµ,HVP have concentrated on stochas-
tic determinations using various noise-reduction methods
and several calculations are underway, see, for example
Ref. [10].
Here we use instead lattice QCD results from the
Hadron Spectrum Collaboration’s programme of calcu-
lations using distillation [11, 12] in the light quark sec-
tor. These have enabled a clear signal to be obtained
for quark-line disconnected correlators. Instead of using
stochastic methods they rely on computing the correla-
tor directly using sources made from a basis of vectors
spanning the space of the smoothest quark fields. We
combine this approach with HPQCD’s method of deter-
mining aµ,HVP by reconstructing the polarization func-
tion from its q2-derivatives obtained from time-moments
of correlators at zero spatial momentum [9]. HPQCD’s
approach enables existing meson correlators generated
for determination of the spectrum, such as those of the
Hadron Spectrum Collaboration, to be re-used for the
determination of aµ,HVP. Since the quark-line discon-
nected vector current correlator has been determined us-
ing distillation we normalise with the ρ meson correlation
function using the same method.
In Section II we give details of the method for de-
termining aµ,HVP from lattice QCD correlators. This
method leads to a simple (over)-estimate of the discon-
nected contribution using the physical properties of the
ρ and ω mesons given in Section III. In Section IV, we
give the more complete results obtained from the Hadron
Spectrum correlators. In Section V we discuss sources of
systematic uncertainty in the results that lead finally in
Section VI to a robust estimate of the impact of the dis-
connected contribution to aµ,HVP at the physical point.
II. DETERMINING aµ,HVP FROM
CURRENT-CURRENT CORRELATORS
The contribution to the muon anomalous magnetic mo-
ment from the HVP is obtained by inserting the quark
vacuum polarization into the photon propagator [7, 13]:
a
(ff′)
µ,HVP =
α
pi
∫ ∞
0
dq2f(q2)(4piαQfQf′)Πˆff′(q
2), (1)
where f and f ′ refer to the quark flavours at the two ends
of the polarization function. These two flavours need not
be the same when we include the quark-line disconnected
contribution from the lower diagram of Fig. 1. Here α ≡
αQED and Qf is the electric charge of quark f in units of
e. The function f(q2) is given by
f(q2) ≡ m
2
µq
2A3(1− q2A)
1 +m2µq
2A2
(2)
where
A ≡
√
q4 + 4m2µq
2 − q2
2m2µq
2
. (3)
The behaviour of f(q2) means that the integral of eq. (1)
is dominated by small values of q2 (≈ m2µ) and hence it
is the behaviour of Πˆ at values of q2 close to zero that
needs to be determined in lattice QCD.
The quark polarization tensor is the Fourier transform
of the vector current-current correlator. For spatial cur-
rents at zero spatial momentum
Πiiff′(q
2) = q2Πff′(q
2) = a4
∑
t
eiqt
∑
~x
〈jif (~x, t)jif′(0)〉 (4)
with q the Euclidean energy. We need the renormalized
vacuum polarization function, Πˆ(q2) ≡ Π(q2) − Π(0),
which automatically removes non-zero contributions to
Π(0) from non-conserved vector currents. Time-moments
of the correlator give the derivatives at q2 = 0 of Πˆ (see,
for example, [14, 15]):
G2n,ff′ ≡ a4
∑
t
∑
~x
t2nZ2V 〈jif (~x, t)jif′(0)〉
= (−1)n ∂
2n
∂q2n
q2Πˆff′(q
2)
∣∣∣∣
q2=0
. (5)
Here we have allowed for a renormalization factor ZV for
the lattice vector current. Note that time-moments re-
move any contact terms between the two currents. G2n
is easily calculated from lattice QCD correlators, remem-
bering that t is zero at the origin and takes positive values
in the positive time direction (up to T/2−1) and negative
values in the negative time direction (down to −T/2+1).
Defining
Πˆ(q2) =
∞∑
j=1
q2jΠj (6)
then
Πj = (−1)j+1 G2j+2
(2j + 2)!
. (7)
To evaluate the contribution to aµ we will replace Πˆ(q
2)
with its [n, n] and [n, n − 1] Pade´ approximants derived
from the Πj [16]. We perform the q
2 integral numerically.
This method was tested for the connected s-quark con-
tribution (f = f ′ = s and including only the Wick con-
tractions of the top diagram of Fig. 1) in [9], showing that
3an accuracy of 1% could be readily achieved in that case.
The Highly Improved Staggered Quark (HISQ) formal-
ism [17] was used on improved gluon field configurations
that include the effect of u, d, s and c HISQ sea quarks
at multiple values of the lattice spacing, multiple values
of the u/d quark mass including the physical value, and
multiple volumes. Calculations for the connected u/d
quark contribution are currently underway [25].
Here we focus on the quark-line disconnected contri-
bution to Πˆ, but using existing correlators calculated by
the Hadron Spectrum collaboration [12] to obtain a re-
sult. Details are given in the Section IV. We first give
a simple estimate for the contribution based on experi-
mental information about light vector mesons.
III. AN ESTIMATE OF THE DISCONNECTED
HVP CONTRIBUTION
The quark-line disconnected contribution is shown in
the lower diagram of Fig. 1. We need only consider the
cases f, f ′ ∈ u, d, s since quark-line disconnected contri-
butions for heavy c and b quarks are suppressed by pow-
ers of the heavy quark mass [18]. Including the electric
charge factors then makes clear that the total quark-line
disconnected contribution to the HVP would vanish in
the SU(3) limit because
∑
u,d,sQf = 0 [7].
Away from this limit, but with mu = md = ml, the
result will be suppressed by quark mass factors that are,
for example, powers of ms −ml. When the u and d cur-
rents are combined with their electric charge factors, a
light quark current, jil , with charge factor +1/3 results.
The total quark-line disconnected contribution can then
be considered as coming from the quark-line disconnected
correlator in eq. (5) of a current, ji = jis − jil . The elec-
tric charge associated with this combination of currents
is 1/3 so that a factor of 1/9 appears in eq. (1). This
demonstrates a further suppression of the quark-line dis-
connected contribution compared to the connected one,
since the connected result for jil has an effective electric
charge factor squared of 4/9+1/9=5/9.
Three quark-line disconnected correlators are needed
to evaluate the quark-line disconnected contribution to
the HVP. We denote these as Dll, Dss and Dls (equal
to Dsl), borrowing notation from Ref. [12], where the
superscripts denote the quark flavours at source and sink.
The total result is obtained from time-moments of the
combination:
D = Dll +Dss − 2Dls. (8)
This vector current must be renormalized, as indicated
in eq. (5), and this is achieved by taking ratios with the
connected correlator made of light quarks, Cll. Hence we
calculate ratios of time-moments of the quark-line discon-
nected correlator to those of the connected light quark
correlator. The contribution to aµ,HVP is consequently
given as a ratio to that of the (dominant) connected light
quark contribution.
As we shall see in Section IV, the dominant piece of D
isDll and, becauseDls has the opposite sign in eq. (8), an
overestimate of the magnitude of the disconnected con-
tribution to the HVP is obtained from Dll alone. 2Dll is
the difference between the isoscalar and isovector vector
correlators. At time t larger than the inverse of excited
vector meson masses (in fact the isovector correlator is
saturated by the ρ rather quickly)
2Dll =
f2ωmω
2
e−mωt − f
2
ρmρ
2
e−mρt. (9)
fω and fρ are the decay constants of the ω and ρ mesons
defined by 〈0|ji|V k〉 = fVmV δik. From a simple expo-
nential form it is straightforward to calculate the time-
moments, converting the sum in eq. (5) to an integral.
Assuming this ground-state dominance, the ratio of the
coefficient of q2j in the disconnected and connected Πˆ(q2)
functions is given by:
Πj,D
Πj,C
=
1
2
[
m2j+2ρ f
2
ω
m2j+2ω f2ρ
− 1
]
. (10)
If we now include the relative electric charge factors and
effects from excited states in the correlation functions we
have
(Q2Πj)D
(Q2Πj)C
=
1
10
[
m2j+2ρ f
2
ω
m2j+2ω f2ρ
(1 + δω)
(1 + δρ)
− 1
]
. (11)
δρ and δω include terms such as (fρ′/fρ)
2(mρ/mρ′)
2j+2.
Since the radial excitations of the ω and ρ are relatively
heavy, with masses approximately double the ground-
state mass [19] and we also expect their decay constants
to be smaller than those of the ground-state, δρ and δω
are of order a few percent. Within the accuracy of this
estimate, they can be ignored. Since excited ω masses
are in fact typically smaller than excited ρ masses we
might expect δω < δρ and so neglecting these corrections
is also consistent with overestimating the size of the Dll
contribution.
Dropping the δω and δρ terms in eq. (11), we can eval-
uate this ratio using information from experiment. The
difficulty is in determining the decay constants from ex-
perimental information on, for example, the leptonic de-
cay rate. Because of the large width of the ρ, taking
the standard approach of setting q2 of the photon in this
decay to the ρ mass is not necessarily correct [19, 20].
Instead one really needs an effective theory that includes
ρ, γ (and pipi, to be discussed below), as is used in the
experimental analysis. A sign of this problem is that the
standard formula for the leptonic decay of the neutral ρ
to e+e− would yield a decay constant of 217 MeV using
the experimental leptonic width, in contrast to the value
obtained for the electrically charged ρ from the width of
τ decay to ρντ which is 209 MeV. There is similar un-
certainty for the ω coming not from its width but from
mixing with the ρ and/or φ. A naive application of the
4standard formula for the ω leptonic width yields a decay
constant of 195 MeV.
To allow for these uncertainties we evaluate eq. (11)
with fρ = 0.21(1) GeV and fω = 0.20(1) GeV. With
mρ = 0.775 GeV and mω = 0.783 GeV then
(Q2Πj)D
(Q2Πj)C
=
 −0.013(13) j = 1,−0.015(12) j = 2,−0.017(12) j = 3. (12)
The dominant contribution to the integral of eq. (1)
comes from the lowest moment, j = 1. Since there is lit-
tle variation in the size of the relative contribution with
moment number we can take 0 to −2% as our estimate
of the contribution of Dll to aµ,HVP compared to that of
Cll.
The non-resonant contributions from multi-pi meson
states are not included in this estimate. The most im-
portant of these is the pipi contribution to the isovector
channel from direct coupling to the vector current. A
simple scalar QED calculation of this contribution to
aµ,HVP gives 70 × 10−10 at the physical value of mpi,
which is approximately 10% of the total HVP contribu-
tion. Leading-order chiral perturbation theory (i.e. in-
cluding only pipi terms) gives the ratio of the disconnected
to connected contributions to the HVP as −1/10 [21].
This result is in fact immediately evident from eq. (11)
since there is no pipi contribution to the isoscalar channel.
If the ‘ω’ pieces of eq. (11) are set to zero the result is
−1/10 for each Πj and therefore also for the total inte-
gral. This is not a particularly useful estimate, however,
because it only applies to a relatively small part of the
HVP and not the total light quark contribution. Here
we can use it to estimate the disconnected piece of non-
resonant pipi at −10% × 10% = −1% of the connected
HVP contribution to aµ,HVP.
A more complete effective theory would be needed
to combine the resonant and non-resonant contributions
above. However, bearing in mind that including s quarks
will reduce the disconnected contribution from eq. (8), a
reasonable estimate of the total disconnected contribu-
tion to aµ,HVP is 0 to −2% of the connected contribution.
We will see in section IV that a complete determination
from quark-line disconnected lattice QCD correlators, al-
beit at an unphysically heavy light quark mass, gives a
much smaller magnitude than this relative to the con-
nected contribution, consistent with the picture that our
estimate is conservative.
IV. LATTICE RESULTS
The Hadron Spectrum Collaboration has generated an
ensemble of anisotropic gauge field configurations [22]
with the lattice spacing in the temporal direction about
3.5 times smaller than in the spatial directions. The
gauge action is tree-level Symanzik-improved. The ef-
fects of u, d and s quark vacuum fluctuations are in-
cluded, using a stout-smeared clover quark action. The
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FIG. 2: Ratios of disconnected correlators, Dff
′
, to the con-
nected correlator Cll, as a function of time in lattice units.
Open black circles show the combination of disconnected cor-
relators needed for the hadronic vacuum polarization contri-
bution to aµ,HVP, described by eq. (8).
u and d quarks are taken to be degenerate and have a
mass approximately one-third that of the s quark (mpi
= 391 MeV). The s quark mass is tuned to be close to
its physical value using the combination of meson masses
2m2K−m2pi fixing the lattice spacing from the mass of the
Ω baryon. In this study we use the 243×128 lattices with
mass parameters atml = −0.0840 and atms = −0.0743
and an inverse temporal lattice spacing of 5.6 GeV. The
ensemble consists of 553 configurations.
The correlation functions employed in this study have a
simple local spatial vector γi operator at source and sink
acting between quark and antiquark fields. The quark
bilinear is constructed from distilled fields [11] ψ˜ = ψ
with
xy(t) =
Nd∑
k=1
ξ(k)x (t)ξ
(k)†
y (t). (13)
Here ξk(t) is the k
th lowest eigenvector of the gauge-
covariant three-dimensional Laplace operator on time-
slice t. In this study Nd = 162. For the disconnected
diagrams quark propagation from all time sources is com-
puted.
The distillation method was developed primarily for
hadron spectroscopy applications. Combined with the
anisotropic lattices this enabled high-resolution and sta-
tistically precise determinations of disconnected dia-
grams [12].
Using distilled quark fields is not ideal for our calcula-
tion because we wish to determine the time-moments of
correlation functions constructed from local current op-
erators that couple to the photon (as in eq. (4)). We will
discuss this further below. A smeared correlation func-
tion, however, has the same exponential behaviour as a
local correlation function at large times. It simply has
a different normalisation for the amplitude. This can be
fixed if we compare to correlation functions made from
the same operator whose normalisation we know. Here
we can compare the quark-line disconnected correlators
to the connected correlators to fix the normalisation.
5Figure 2 shows the ratio, Rff′ , of each quark-line dis-
connected correlator Dff
′
to the connected correlator
made of light quarks, Cll, that uses the same operator
at source and sink. The figure also includes the ratio for
the combination of disconnected correlators needed for
the HVP, as given in eq. (8). Correlators are calculated
out to time slice t = 47, which corresponds to 1.6 fm or
7/mρ for these parameters, giving ample time for ground-
state properties to emerge and dominate the connected
correlators. We see that all of the disconnected contri-
butions become negative above a time-slice around 10.
Not surprisingly Rll has the largest magnitude and Rss
the smallest. Rss becomes consistent with zero above
time-slice 30, where Rsl also becomes small. Thus at
large times the disconnected contribution to the HVP is
dominated by the ll component. At shorter times there
is considerable cancellation between the off-diagonal ls
piece and the diagonal ll and ss pieces. Directly from
this figure (and taking into account the factor of 1/5
from electric charge factors, see Section III) it is clear
that we do not expect the disconnected contribution to
aµ,HVP to amount to more than 1% of the connected ll
contribution.
In principle to determine the contribution of the dis-
connected correlators to aµ we simply need to determine
the time-moments using eq. (5). However Figure 2 shows
that the correlators are too noisy at large times for this
to be a feasible approach. Instead we must fit the correla-
tors to their known physical behaviour – and this requires
making combinations of connected and disconnected cor-
relators which are physical – and use the fit results at
large time values. This enables us to make use of the
good statistical accuracy at short to medium times to fix
the long time behaviour more precisely.
We first test this by studying the connected correla-
tors, Cll and Css. The SU(2) isovector correlator, corre-
sponding to flavour combinations (uγiu−dγid)/
√
2, uγid
and dγiu has no quark-line disconnected contribution in
the SU(2) limit. The ground-state of the connected light
vector correlator Cll is then the ρ meson at large times.
The ground-state of the Css correlator will be a version
of the φ meson in which no mixing with other flavourless
vector states is allowed. We expect this to be very close
to the physical φ meson because Dss is so small.
We can test the robustness of our correlation function
analysis which uses just a single current insertion, by
comparing to the spectrum analyses of both the Hadron
Spectrum and the HPQCD Collaborations. A multi-
exponential model
Cfit(t) =
nexp∑
i=0
b2i e
−Eit, (14)
where bi and Ei are the amplitudes and masses respec-
tively. We use a Bayesian approach [23] to constrain the
parameters taking a prior of 0.85±0.6 GeV on energy dif-
ferences between the excitations and a width of 0.3 GeV
on the ground-state mass. The amplitudes are given a
prior of 0.1± 20 where the normalisation of the correla-
tors is such that the amplitudes of low-lying states are
around 7–9. Our fit includes the full range of t except
for the first 3 values and stabilises after nexp = 3 giving
a ground-state mass in lattice units of amρ = 0.1512(4)
and amφ = 0.1777(2). This is in good agreement with
the Hadron Spectrum analysis in Ref. [12] which used
a large number of fermion bilinear operators in a varia-
tional basis. The same ensembles were used in a study of
P-wave I = 1 pipi scattering which gives a resonance mass
of atmR = 0.15085(18)(3) [24]. In addition, the value of
mρ at this value of mpi is close to that expected from the
HPQCD analysis of results at lighter values of mpi [25].
Using the fits above we can readily determine the Πˆj
coefficients of eq. (7). To define a correlation function for
any t we combine the calculated correlator at short time
separations with the model behaviour of eq. (14). We use
C(t) =
{
Cdata(t), t ≤ t∗
Cfit(t), t > t∗ . (15)
From the calculation of the Πˆj we obtain the con-
tribution to aµ,HVP using eq. (1), with Q
2
s = 1/9 and
Q2l = 5/9. We have tested that the results are insen-
sitive to a number of variations of the method. These
include: varying t∗ between 20 and 40; varying the total
time length of the correlator used in the calculation of
the moments from 95 upwards; varying the number of
exponentials used in the fit result and varying the order
of the Pade´ approximant between [1,1] and [2,2]. We find
the ratio of the ss connected contribution to aµ,HVP to
that of the ll connected contribution to be 0.125. This
is in reasonable agreement with a linear extrapolation of
the HPQCD results to the value of mpi being used here,
giving a value of around 0.15.
The isoscalar correlator, corresponding to flavour com-
bination (uγiu+ dγid)/
√
2, has the same connected cor-
relator contribution as for the ρ but an additional quark-
line disconnected contribution of 2Dll. The ground-state
of this correlator is, to a good approximation, the ω me-
son. The ω meson is believed to contain a small admix-
ture of ss with a mixing angle of a few degrees and this
is seen in the Hadron Spectrum calculations [12]. This
mixing occurs via the flavour off-diagonal disconnected
correlators. We can include this effect, as well as estab-
lishing the large-time behaviour of all the correlators, by
simultaneously fitting ll, ss and ls combinations of cor-
relators with a single set of energy levels as in [12]. The
ll correlators consist of Cll + 2Dll, the ss correlators are
Css + Dss and the ls correlators are purely quark-line
disconnected (Dls). When mu and md are not equal the
ω can also mix with the neutral ρ meson but, since we
are working with mu = md, we neglect this small effect.
We fit the 3 correlator combinations above simultane-
ously, using the fit form given in eq. (14) for the diagonal
elements (but with different amplitudes for the ll and ss
6elements) and the form
Cslfit(t) =
nexp∑
i=0
disie
−Eit (16)
for the off-diagonal element Dsl, where di and si do not
need to be the same. All combinations share the param-
eters Ei. We take very similar priors to our earlier fits.
However, we change the prior on the energy differences
to of 700 ± 600 MeV to allow for the interleaving of ex-
cited φ and ω levels. We also fix a prior on the energy
difference between the lowest energy (which we expect to
correspond to the ω) and the second lowest (which we
expect to correspond to the mass of the φ meson). This
difference is small here because the ω mass is relatively
high at these values of ml (as we saw above for the ρ),
and the φ mass is slightly lower than its physical value.
We take a prior on the difference of the two energies of
170 ± 100 MeV. The amplitude prior widths are again
generally taken to be 20.0. However, we take a smaller
prior width of 1.0 on di and si in eq. (16), reflecting the
smaller size of the purely quark-line disconnected pieces.
We also expect only a weak mixing between ω and φ
states so that the amplitude of the ss combination in the
lowest mass state should be small and of the ll combi-
nation in the second lowest mass state. We therefore fix
the prior widths of these amplitudes also to be 1.0.
The fit, using a time range from 3 to 40 is stable from
6 exponentials upwards with a χ2/dof = 1.1 (Q=0.2). It
gives amω = 0.1537(10) and amφ = 0.1775(7). amω is
somewhat lower than the value (0.1568(4)) obtained by
the Hadron Spectum collaboration which included mix-
ing between light and strange bilinears using more oper-
ators and the generalised eigenvalue fit method [24]. Our
mω is higher than the corresponding ρ mass by 14(6)
MeV, compatible with the physical mass difference of 8
MeV [19]. Note that isospin and electromagnetic effects
are not included here. We obtain the same value of amφ
to that of simply fitting Css, so the quark-line discon-
nected contributions seem to have only a small impact,
as expected.
From combinations of the fit results we can determine
the large time behaviour of the disconnected correlators
and therefore their time-moments. We again use the cor-
relator data for t ≤ t∗ as in eq. (15). For Dll we use
correlator data up to t∗ and then half the difference of
the ‘ω’ and ‘ρ’ fits. For Dss we similarly take the correla-
tor data up to t∗ and then take the difference of the full
ss fit just described, and the result of simply fitting Css
above. In fact this gives a very similar result to that of
simply including the time-moments of the Dss correlator.
For Dsl (=Dls) we take the correlator data up to t∗ and
then the fit result from eq. (16).
Combining this data using eq (8) with effective charge
Q = 1/3 gives a relative contribution to aHVPµ of
adiscµ,HVP
all,connµ,HVP
= −0.14(5)%. (17)
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FIG. 3: A comparison of local, smeared and distilled vector-
vector connected correlators normalised to the contribution of
the ground-state. Results for HISQ u/d quarks compare a lo-
cal operator at source and sink (blue crosses) with a smeared
operator of Gaussian type and radius 3.75 at source and sink
(blue open circles). Red open triangles give the Hadron Spec-
trum Cll results using distilled quark fields from 162 distilla-
tion vectors.
We have checked that this result is robust (to 50%) to
changing t∗; the order of the Pade´ approximant and the
total time used in determining the time-moments.
The value is made up of -0.36(4)% fromDll, +0.27(3)%
from Dls (this has a coefficient of -2 in eq. (8)) and -
0.05(1)% from Dss.
V. DISCUSSION
Our result in eq. (17) shows that the disconnected piece
of the HVP contribution to aµ is very small. To obtain
this result we have used vector current-current correla-
tors using distilled quark fields and we have worked at
rather large values of the u/d quark mass at one value
of the lattice spacing. We discuss each of these issues in
turn, bearing in mind that the aim is to reduce the un-
certainty of the disconnected contributions to the level of
1% of the connected contribution. If, as our result indi-
cates, the size of the disconnected contribution is already
itself of this order, then the relative accuracy in the value
does not need to be very high.
To understand the size of systematic error we could
be making because of the use of distilled quark fields in
the vector currents we can compare to results from the
HPQCD collaboration. The HPQCD collaboration has
connected ll vector-vector correlators for both local and
smeared operators using HISQ quarks on a range of gluon
field ensembles at various values of ml. The reason for
using smeared operators in this case is to improve the
fitted results for the ground-state behaviour in the lo-
cal correlators [25]. For a comparison between HPQCD
and Hadron Spectrum results we want to choose an ap-
proximately matching spatial lattice spacing, since this
controls the range of the smearing. The gluon field en-
semble used here for the Hadron Spectrum results has
a spatial lattice spacing of around 0.12 fm, based on an
7anisotropy of 3.444 [24]. This corresponds to the ‘coarse’
lattice spacing in the MILC gluon field ensembles used
by the HPQCD collaboration [9]. The MILC coarse en-
semble with ml/ms = 0.2 has a value for mpi of 305
MeV [26] which is somewhat lower than the Hadron Spec-
trum value used here of 391 MeV, but fairly similar. The
smearing used by the HPQCD collaboration on these con-
figurations uses a stride-2 covariant Laplacian, applying
[1+(r20D
2)/4n]n to a local source. r0 is set to 3.75 and n
to 30. The stride-2 Laplacian is needed to avoid mixing
in other staggered tastes of vector meson [17].
Figure 3 compares results for the HPQCD correlators
using local and smeared operators on these coarse lat-
tices. The quantity plotted is the correlator divided by
the ground-state contribution so that at large times a
result of 1 is guaranteed. The x-axis gives the time be-
tween source and sink in fm. We see that smeared cor-
relators are closer to the large time behaviour at early
times, although this is obscured somewhat by the oscil-
lations present in vector correlators made with staggered
quarks. Since the smearing is designed to increase the
projection onto the ground-state it is not surprising that
smeared correlators are saturated earlier by the ground-
state. However there is little difference between smeared
and local correlators beyond t = 0.5 fm, equivalent to
2/mρ for this value of mpi. We can determine the con-
tribution to aµ,HVP of the smeared and local correlators,
using the method described in Section IV. If we normalise
the two correlators by the ratio of their ground-state am-
plitudes, we find that the smeared correlators give a re-
sult for aµ,HVP that is about 10% low compared to the
local result.
Figure 3 also compares the Hadron Spectrum results
using distillation. Now the density of points in time
is much higher, reflecting the finer discretisation of the
time direction in the Hadron Spectrum lattices. The be-
haviour of the correlators is, however, fairly similar to
that of the HPQCD smeared correlators (allowing for the
oscillations in the staggered quark results). This gives
some indication of the effective size of the Hadron Spec-
trum smearing. It also implies that we might expect the
Hadron Spectrum results for contributions to aµ,HVP to
be approximately 10% low compared to those obtained
from local operators.
To understand to what extent the result might change
as ml and hence mpi is reduced to the physical value,
we can compare the results from the Hadron Spectrum
analysis [12] at multiple values of mpi to the picture found
in experiment, bearing in mind that experiment also has
effects from electromagnetism and mu 6= md that we are
not including.
The impact of the disconnected correlator contribu-
tions to ground-state masses is to change the mass of the
ω relative to the ρ and to change the mixing between the
φ and the ω. The Hadron Spectrum analysis finds, even
at mpi > 391 MeV, a picture that is qualitatively and
quantitatively very similar to experiment, except that
mρ is too heavy. The impact of the ρ mass being too
heavy is largely removed by the fact that we take a ratio
of the disconnected contribution to that of the connected
contribution. The ω is found to be slightly heavier than
the ρ and the mixing between the ω and φ is a few de-
grees. Excited state masses also agree well with exper-
iment. The mass difference between ω and ρ is seen to
increase slightly as mpi falls and the mixing angle with the
φ also increases. Large changes are not to be expected,
however, if the results are to be compatible with exper-
iment in the continuum and chiral limits. The masses
of the η and η′, whose correlators have large contribu-
tions from quark-line disconnected diagrams, also show
good (at the 10% level) agreement with experiment. This
demonstrates that quark-line disconnected contributions
are not unduly distorted at heavy values of mpi.
The discussion above relates to meson masses which
test the correlator time-dependence. We also have to
worry about the correlator amplitudes which would be
tested through the determination of decay constants.
The most that we can do here is test ratios of decay
constants because we do not have normalisation factors
for our currents. Our fit results for the φ and ρ yield a
ratio for the decay constants of 1.03. This is compatible
with experimental results for the relative leptonic widths,
given the uncertainties for the ρ discussed in Section III.
Our fit results for the ρ and ω give decay constants that
are the same, up to 2% uncertainties. Again this is com-
patible with experiment.
The key effect that is mpi-dependent and that is be-
ing underestimated in these lattice QCD results is that
of the pipi contribution, both resonant, from ρ decay, and
non-resonant. From Section III we estimated that the
disconnected pipi contribution to aµ,HVP is -1%. This un-
certainty is larger than any of the mpi-dependent effects
discussed above.
The fact that only one value of the lattice spacing is
being used means that we have no direct way of testing
for discretisation effects. The discretisation of QCD used
for the Hadron Spectrum results has discretisation errors
in principle of order αs(Λas) and (Λas)
2. Here Λ is a
suitable QCD scale that sets the size of discretisation ef-
fects, say 400 MeV. as is the spatial lattice spacing, a
−1
s
= 1.6 GeV. We might therefore expect discretisation er-
rors of 5–10%. This is consistent with the comparison to
HPQCD results where three values of the lattice spacing
have been used for connected correlator calculations so
that a clear continuum limit can be taken (and in fact
only very small discretisation errors are evident). The
Hadron Spectrum results for mρ and mφ are consistent
with those from HPQCD at a similar value for mpi within
possible 5–10% discretisation errors.
We conclude that uncertainties from the effect of dis-
tillation and the use of relatively heavy pi mesons at one
value of the lattice spacing could amount to a total of 50%
of the very small value for the ratio of disconnected to
connected contributions to the HVP found in Section IV.
A larger uncertainty comes from the pipi contributions
that are badly distorted at heavy mpi and this will dom-
8inate our final uncertainty.
VI. CONCLUSIONS
The ultimate aim of lattice QCD calculations of
aµ,HVP is to improve on results from using, for example,
σ(e+e− → hadrons) that are able to achieve an uncer-
tainty of below 1%. We are not at that stage yet. The
ETM Collaboration are the first to include a full calcu-
lation from connected correlators including u/d, s and
c quarks [8] and quote a 4% uncertainty that includes
lattice systematic uncertainties. A 1% uncertainty has
now been achieved on the s quark connected contribu-
tion [9] and an improved accuracy on the total u/d, s
and c quark connected correlator calculation is within
reach [25]. However neither of these calculations includes
the impact of quark-line disconnected correlators. Al-
though the total disconnected contribution to aµ,HVP is
expected to be small, it must either be evaluated or con-
strained at the level of 1% of the total if it is not to
undermine our ability to reach the desired accuracy on
aµ,HVP from lattice QCD calculations.
Here we have given the first estimates of the quark-
line disconnected contribution to aµ,HVP based on dis-
connected correlators with a clear signal. We determine
the disconnected contribution as a ratio to the connected
u/d contribution so that a number of systematic errors
cancel or are reduced. The results show that the dis-
connected contribution is indeed small, at -0.15% of the
connected contribution at the relatively heavy value of
mpi (391 MeV) used here. We estimate the uncertainty
in this contribution as 1% of the connected contribution
coming largely from pipi effects that are badly distorted
at heavy mpi. The value is consistent with a simple phe-
nomenological bound based on the experimental proper-
ties of the ρ and ω mesons which gives, again as a ratio
to the connected contribution, between 0 and -2%.
In future a more accurate calculation of the quark-line
disconnected contributions will be possible with smaller
values of mpi, going down to the physical point, and on
finer lattices. This should enable us eventually to pin
down these contributions at the 0.1% level. The re-
sult given here however is enough to make clear that the
quark-line disconnected contribution to aµ,HVP can safely
be assessed to be at the level of 1% of the connected con-
tribution. It will not therefore prevent us, for now, in
reaching an accuracy on the total aµ,HVP of around 1%
from lattice QCD.
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